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Abstrat. We onsider a rst approah to the notion of Armen-
dariz ring for a skew Poinaré-Birkho-Witt (PBW for short) exten-
sion, and its lassial ring of quotients. As an immediate applia-
tion of this treatment, we study the properties Baer, quasi-Baer, p.p.
and p.q.-Baer rings for these extensions. In this way, we generalize
several results in the literature 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erning Ore extensions and skew PBW
extensions.
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Propiedad de Armendariz para las extensiones PBW
toridas y su anillo lásio de oientes
Resumen. Consideramos un primer aeramiento a la noión de anillo de
Armendariz para una extensión torida de Poinaré-Birkho-Witt (PBW),
y su anillo lásio de oientes. Como una apliaión inmediata de este tra-
tamiento, estudiamos las propiedades de Baer, quasi-Baer, p.p. y p.q.-Baer
para estas extensiones. De esta manera, generalizamos varios resultados de la
literatura para extensiones de Ore y extensiones PBW toridas.
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1. Introdution
In ommutative algebra, a ring B is alled Armendariz (the term was introdued by
Rege and Chhawhharia in [25℄) if whenever polynomials f(x) = a0 + a1x+ · · ·+ anx
n
,
g(x) = b0 + b1x + · · · + bmx
m ∈ B[x] satisfy f(x)g(x) = 0, then aibj = 0 for every i, j.
The interest of this notion lies in its natural and its useful role in understanding the
relation between the annihilators of the ring B and the annihilators of the polynomial
ring B[x]. In [2℄, Lemma 1, Armendariz showed that a redued ring (i.e., a ring without
nonzero nilpotent elements) always satises this ondition (redued rings are Abelian
that is, every idempotent is entral, and also semiprime, that is, its prime radial is
trivial). With respet to the nonommutative algebra, more exatly the well-known Ore
extensions, the notion of Armendariz has been also studied. In this way, ommutative and
nonommutative treatments have been investigated in several papers (see for example
[1℄, [2℄, [12℄, [14℄, [17℄, [19℄, [23℄, [25℄ and others).
The examples of nonommutative (and ommutative polynomial, of ourse) rings of in-
terest for us in this artile are the skew Poinaré-Birkho-Witt extensions introdued in
[9℄. These strutures are more general than Ore extensions of injetive type, and ontain
various well-known groups of algebras suh as some types of Auslander-Gorenstein rings,
some Calabi-Yau and skew Calabi-Yau algebras, some Artin-Shelter regular algebras,
some Koszul algebras, quantum polynomials, some quantum universal enveloping alge-
bras, et. Indeed, it has been shown that skew PBW extensions ontain several algebras
whih an not be expressed as Ore extensions (universal enveloping algebras of nite Lie
algebras, diusion algebras, and others (see [22℄, [26℄, [29℄, [28℄, or [30℄ for more details)).
Preisely, in [28℄, Remark 3.8, the rst author announed one paper with a skew notion
of Armendariz ring for skew PBW extensions. Well then, this is the rst paper on that
promise. Next, we desribe the struture of this artile. In Setion 2 we establish some
useful results about skew PBW extensions for the rest of the paper. In Setion 3 we in-
trodue two notions of Armendariz for these extensions: Σ-skew Armendariz (Denition
3.1) and a more general notion, the weak Σ-skew Armendariz (Denition 3.2). These
denitions generalize the ases developed for both lassial polynomial rings and Ore
extensions of injetive type (f. [1℄, [2℄, [12℄, [14℄, [17℄, [19℄, [23℄, [24℄ and [25℄). We show
that every Σ-rigid ring ([28℄, Denition 3.2) is a Σ-skew Armendariz (Proposition 3.4),
but the onverse is false as Remark 3.5 shows. In other words, we have the relations
Σ−rigid rings $ Σ−skew Armendariz rings $ weak Σ−skew Armendariz rings. Nev-
ertheless, in Theorem 3.6 we prove the following equivalenes: for a skew PBW extension
A of a ring R, R is redued and Σ-skew Armendariz ⇔ R is Σ-rigid ⇔ A is redued. In
this way, our Theorem 3.6 generalizes [23℄, Theorem A, and [7℄, Theorem 1 and Corollary
3. In this setion, we also present some key results with the aim of proving that if R is a
weak Σ-skew Armendariz ring, then R and A are Abelian (Proposition 3.9 and Corollary
3.10, respetively). In Setion 4, we haraterize the weak Σ-skew Armendariz property
over Q(R) the lassial ring of quotients of R in terms of the weak Σ-skew Armendariz
property over R. This haraterization is formulated in Theorem 4.2, and it turns out
a generalization of [24℄, Theorem 2.3, and [17℄, Theorem 16. More generally than the
haraterization presented in Theorem 3.6, our Theorem 4.3 establishes the equivalene
between the notions of Σ-rigid, Σ-skew Armendariz and weak Σ-skew Armendariz for
the lassial ring of quotients of a semiprime Goldie ring R, Q(R), generalizing [24℄,
Corollary 2.5.
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Sine Σ-rigid rings are ontained stritly in weak Σ-skew Armendariz rings, in the last
setion of the paper, Setion 5, we investigate the properties of being Baer, quasi-Baer,
p.p. and p.q.-Baer (the interest of studying these properties omes from the question
about annihilators of elements, as a key point to ompute the uniform also known as
Goldie dimension for these extensions (see [29℄), for skew PBW extensions over weak Σ-
skew Armendariz rings). In this way, our Theorems 5.1 and 5.3 generalizes [28℄, Theorems
3.9 and 3.12, respetively, and our Corollary 5.5 generalizes [28℄, Theorems 3.10 and 3.13.
The tehniques used here follow some ideas presentes in several artiles on Ore extensions,
and the results presented are new for skew PBW extensions and generalize others existing
in the literature onerning Ore extensions of injetive type and skew PBW extensions.
2. Denitions and elementary properties
In this setion we reall the denition of skew PBW extension and present some key
properties of these rings.
Denition 2.1 ([9℄, Denition 1). Let R and A be rings. We say that A is a skew PBW
extension of R (also alled a σ-PBW extension of R) if the following onditions hold:
(i) R ⊆ A.
(ii) there exist elements x1, . . . , xn ∈ A suh that A is a left free R-module, with basis
the basi elements Mon(A) := {xα = xα11 · · ·x
αn
n | α = (α1, . . . , αn) ∈ N
n}, and
x01 · · ·x
0
n := 1 ∈Mon(A).
(iii) For eah 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element ci,r ∈ R \ {0}
suh that xir − ci,rxi ∈ R.
(iv) For any elements 1 ≤ i, j ≤ n there exists ci,j ∈ R \ {0} suh that xjxi− ci,jxixj ∈
R+Rx1 + · · ·+Rxn.
Under these onditions we will write A := σ(R)〈x1, . . . , xn〉.
Proposition 2.2 ([9℄, Proposition 3). Let A be a skew PBW extension of R. For eah
1 ≤ i ≤ n, there exists an injetive endomorphism σi : R → R and a σi-derivation
δi : R→ R suh that xir = σi(r)xi + δi(r), for eah r ∈ R. We write Σ := {σ1, . . . , σn},
and ∆ := {δ1, . . . , δn}, that is, ∆ is the family of Σ-derivations in A.
Remark 2.3. With respet to the Denition 2.1 and the Proposition 2.2, we have the
following fats:
(i) Sine Mon(A) is a left R-basis of A, the elements ci,r and ci,j in Denition 2.1 are
unique.




i = s0+s1x1+ · · ·+snxn,
with si ∈ R, whih implies 1− ci,i = 0 = si.
(iii) If i < j and d′i, b
′
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Denition 2.4. Let A be a skew PBW extension of R.
(i) A is alled quasi-ommutative if the onditions (iii) and (iv) in Denition 2.1 are
replaed by (iii'): for eah 1 ≤ i ≤ n and all r ∈ R \ {0} there exists ci,r ∈ R \ {0}
suh that xir = ci,rxi; (iv'): for any 1 ≤ i, j ≤ n there exists ci,j ∈ R \ {0} suh
that xjxi = ci,jxixj ([9℄, Denition 4).
(ii) A is alled bijetive if σi is bijetive for eah 1 ≤ i ≤ n, and ci,j is invertible for
any 1 ≤ i < j ≤ n ([9℄, Denition 4).
Example 2.5. The lass of skew PBW extensions ontains various well-known groups
of algebras suh as some types of Auslander-Gorenstein rings, some Calabi-Yau and
skew Calabi-Yau algebras, some Artin-Shelter regular algebras, some Koszul algebras
(f. [30℄), quantum polynomials, some quantum universal enveloping algebras, et. A
detailed list of examples of skew PBW extensions is presented in [22℄, [26℄ or [27℄.
Denition 2.6 ([9℄, Denition 6). Let A be a skew PBW extension of R with endomor-
phisms σi, 1 ≤ i ≤ n, as in Proposition 2.2.
(i) For α = (α1, . . . , αn) ∈ Nn, σα := σ
α1
1 · · ·σ
αn
n , |α| := α1 + · · · + αn. If β =
(β1, . . . , βn) ∈ Nn, then α+ β := (α1 + β1, . . . , αn + βn).
(ii) For X = xα ∈ Mon(A), exp(X) := α, deg(X) := |α|, and X0 := 1. The symbol 
will denote a total order dened on Mon(A) (a total order on Nn). For an element
xα ∈ Mon(A), exp(xα) := α ∈ Nn. If xα  xβ but xα 6= xβ , we write xα ≻ xβ .
Every element f ∈ A an be expressed uniquely as f = a0 + a1X1 + · · ·+ amXm,
with ai ∈ R, and Xm ≻ · · · ≻ X1. With this notation, we dene lm(f) := Xm, the
leading monomial of f ; lc(f) := am, the leading oeient of f ; lt(f) := amXm, the
leading term of f ; exp(f) := exp(Xm), the order of f ; and E(f) := {exp(Xi) | 1 ≤
i ≤ t}. Note that deg(f) := max{deg(Xi)}
t
i=1. Finally, if f = 0, then lm(0) := 0,
lc(0) := 0, lt(0) := 0. We also onsider X ≻ 0 for any X ∈Mon(A). For a detailed
desription of monomial orders in skew PBW extensions, see [9℄, Setion 3.
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Proposition 2.7 ([9℄, Theorem 7). Let A be a polynomial ring with oeients in R and
the set of variables {x1, . . . , xn}. A is a skew PBW extension of R if and only if the
following onditions are satised:
(i) for eah xα ∈ Mon(A) and every 0 6= r ∈ R, there exist unique elements rα :=
σα(r) ∈ R \ {0}, pα,r ∈ A, suh that x
αr = rαx
α + pα,r, where pα,r = 0 or
deg(pα,r) < |α|, if pα,r 6= 0. If r is left invertible, so is rα.
(ii) For eah xα, xβ ∈Mon(A) there exist unique elements cα,β ∈ R and pα,β ∈ A suh
that xαxβ = cα,βx
α+β + pα,β, where cα,β is left invertible, pα,β = 0 or deg(pα,β) <
|α+ β|, if pα,β 6= 0.
Remark 2.8. With respet to the Proposition 2.7, we have two observations:
















































































































j := idR for 1 ≤ j ≤ n.
(ii) ([28℄, Remark 2.10) Using (i), it follows that for the produt aiXibjYj , if Xi :=
xαi11 · · ·x
αin
n and Yj := x
βj1

























































In this way, when we ompute every summand of aiXibjYj we obtain produts of
the oeient ai with several evaluations of bj in σ's and δ's, depending of the
oordinates of αi.
3. Σ-Skew Armendariz and weak Σ-skew Armendariz
In [12℄, p. 104, it was introdued the notion of Armendariz for Ore extensions of endo-
morphism type (i.e., the σ-derivation δ is the zero mapping) in the following way: let σ
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be an endomorphism of a ring B. B is alled a skew Armendariz ring with the endomor-








in B[x;σ], pq = 0 implies aiσ
i(bj) = 0 for all 0 ≤ i ≤ m, and 0 ≤ j ≤ n (note that
there exists an endomorphism σ of an Armendariz ring B suh that B is not σ-skew
Armendariz; see [12℄, Example 2). In [24℄, Denition 2.1, it was adapted this denition
for general Ore extensions B[x;σ, δ] with δ not neessarily the zero mapping. With this
in mind, and in the searh of a rst notion of Armendariz for skew PBW extensions, we
introdue the following denition whih extends both denitions in [12℄ and [24℄.
Denition 3.1. Let A be a skew PBW extension of a ring R. R is alled a skew Armen-





j=0 bjYj in A, the equality fg = 0 implies aiσ
αi(bj) = 0 for all 0 ≤ i ≤ m and
0 ≤ j ≤ t, where αi = exp(Xi).
Next we dene the weak Σ-skew Armendariz as a more general lass of rings than Σ-skew
Armendariz. Our Denition 3.2 extends [24℄, Denition 2.2.
Denition 3.2. Let A be a skew PBW extension of a ring R. R is alled a weak skew
Armendariz ring with the family Σ (or a weak Σ-skew Armendariz ring) if for elements
f =
∑n
i=0 aixi and g =
∑n
j=0 bjxj in A (x0 := 1), the equality fg = 0 implies aiσi(bj) = 0
for all 0 ≤ i, j ≤ n (σ0 := idR).
We have the following preliminary result.
Lemma 3.3. If R is a weak skew Armendariz ring, the equality ab = 0 implies
σα(a)δα(b) = δα(a)b = 0 for every a, b ∈ R and α ∈ Nn.
Proof. It is suient to prove the ase σi(a)δi(b) = δi(a)b = 0 for i = 1, . . . , n. Sine
ab = 0, then 0 = δi(ab) = σi(a)δi(b) + δi(a)b, or equivalently, δi(a)b = −σi(a)δi(b). Let
f, g ∈ A given by f = δi(a) + 0x1 + · · · + 0xi−1 + σi(a)xi + 0xi+1 + · · · + 0xn, and
g = b + bx1 + · · ·+ bxn, respetively. Note that fg = 0;
fg = δi(a)b + δi(a)bx1 + · · ·+ δi(a)bxn + σi(a)xib+ σi(a)xibx1 + · · ·+ σi(a)xibxn
= δi(a)b + δi(a)bx1 + · · ·+ δi(a)bxn + σi(a)[σi(b)xi + δi(b)] + σi(a)[σi(b)xi + δi(b)]x1
+ · · ·+ σi(a)[σi(b)xi + δi(b)]xn
= δi(a)b + δi(a)bx1 + · · ·+ δi(a)bxn + σi(a)σi(b)xi + σi(a)δi(b) + σi(a)σi(b)xix1
+ σi(a)δi(b)x1 + · · ·+ σi(a)σi(b)xixn + σi(a)δi(b)xn
= 0,
sine δi(a)b = −σi(a)δi(b) and σi(a)σi(b) = σi(ab) = σi(0) = 0. By the weak skew
Armendariz ondition on R, δi(a)b = 0, and hene, σi(a)δi(b) = 0 for every i. X
For a ring B with a ring endomorphism σ : B → B, and a σ-derivation δ : B → B,
Krempa in [18℄ onsidered the Ore extension B[x;σ, δ] and dened σ as a rigid endomor-
phism if bσ(b) = 0 implies b = 0 for b ∈ B. Krempa alled B σ-rigid if there exists a rigid
endomorphism σ of B. Sine Ore extensions of injetive type are partiular examples of
skew PBW extensions, in [28℄, Denition 3.2, the rst author introdued the following
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denition with the purpose of studying the notion of rigidness for these extensions: if B
is a ring and Σ is a family of endomorphisms of B, then Σ is alled a rigid endomorphisms
family if rσα(r) = 0 implies r = 0 for every r ∈ B and α ∈ Nn. B is alled to be Σ-rigid
if there exists a rigid endomorphisms family Σ of B.
The next proposition shows that every Σ-rigid ring is an Σ-skew Armendariz. From now
on, we suppose that the elements ci,j in Denition 2.1 (iv) are in the enter of R.
Proposition 3.4. Let A be a skew PBW extension of a ring R. If R is Σ-rigid, then R
is Σ-skew Armendariz.
Proof. By [28℄, Proposition 3.6, we know that if f =
∑m
i=0 aiXi, g =
∑t
j=0 bjYj are
elements of A, then fg = 0 if and only if aibj = 0 for every 0 ≤ i ≤ m and 0 ≤ j ≤ t.
Now, [28℄, Lemma 3.3 (i) guarantees that aiσ
αi(bj) = 0 for every j, where αi = exp(Xi),
that is, R is Σ-skew Armendariz. X







| a ∈ Z, t ∈ Q
}
.











. In [12℄, Example 1, it was shown that R is σ-skew Ar-
mendariz and is not a σ-rigid. Sine Σ-rigid and Σ-skew Armendariz are generaliza-
tions of σ-rigid and σ-skew Armendariz, respetively, this example shows that the
onverse of Proposition 3.4 is false.
Let B = Z2[x] be the ommutative polynomial ring over Z2, and σ the endo-
morphism of B = Z2[x] dened by σ(f(x)) = f(0). Then B = Z2[x] is σ-skew
Armendariz and is not σ-rigid ([12℄, Example 5).
Therefore we have the relations
Σ−rigid rings $ Σ−skew Armendariz rings $ weak Σ−skew Armendariz rings. (1)
In [7℄ and [23℄, both authors of those papers give a positive answer to the following
question formulated in [12℄, p. 115: Let σ be a monomorphism (or automorphism) of a
(ommutative) redued ring B and B be a σ-skew Armendariz. Is B σ-rigid? The ontent
of Theorem 3.6 is the generalization of this answer to skew PBW extensions. Again, we
suppose that the elements ci,j in Denition 2.1 (iv) ommute with every element of R.
Theorem 3.6. If A is a skew PBW extension of a ring R, then the following statements
are equivalent:
(i) R is redued and Σ-skew Armendariz;
(ii) R is Σ-rigid;
(iii) A is redued.
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Proof. (ii) ⇔ (iii). This equivalene follows from [28℄, Proposition 3.5. (ii) ⇒ (i) From
[28℄ we know that a Σ-rigid ring is redued, and as we saw above, every Σ-rigid ring
is also Σ-skew Armendariz. Let us see (i) ⇒ (ii). Suppose that R is redued, Σ-skew
Armendariz and is not Σ-rigid. Then there exists β ∈ Nn with aσβ(a) = 0 and a 6= 0.
Note that σβ(a)σβ(σβ(a)) = σβ(aσβ(a)) = 0. Using that R is redued, the equality
(σβ(a)a)2 = σβ(a)aσβ(a)a = 0 implies σβ(a)a = 0. Equivalently, sine a 6= 0, σβ is
injetive, and R is redued, then σβ(a) 6= 0 and (σβ(a))2 6= 0. With this in mind,
onsider the elements f = σβ(a) + σβ(a)xβ , g = a− σβ(a)xβ . Then
fg = (σβ(a) + σβ(a)xβ)(a− σβ(a)xβ)
= σβ(a)a− (σβ(a))2xβ + σβ(a)xβa− σβ(a)xβσβ(a)xβ
= − (σβ(a))2xβ + σβ(a)[σβ(a)xβ + pβ,a]− σ
β(a)[σβ(σβ(a))xβ + qβ,σβ(a)]x
β
= σβ(a)pβ,a − σ
β(aσβ(a))xβxβ − σβ(a)qβ,σβ(a)x
β
= σβ(a)pβ,a − σ
β(a)qβ,σβ(a)x
β ,
where pβ,a = 0 or deg(pβ,a) < |β|, if pβ,r 6= 0, and qβ,σβ(a) = 0 or deg(qβ,σβ(a)) < |β|,
if qβ,σβ(a) 6= 0. Sine aσ
β(a) = σβ(a)a = 0, Remark 2.8 and Lemma 3.3 guarantee that
σβ(a)pβ,a = σ
β(a)qβ,σβ(a)x
β = 0, so fg = 0. By assumption, R is Σ-skew Armendariz,
that is, −(σβ(a))2 = 0, but −(σβ(a))2 6= 0, i.e., we have obtained a ontradition. Hene,
R is Σ-rigid. X
Next we present others key results about Σ-skew Armendariz and weak Σ-skew Armen-
dariz rings.
Proposition 3.7. If A is a skew PBW extension of a Σ-skew Armendariz ring R, e2 =
e ∈ A, with e =
∑m
i=0 eiXi, then e = e0.









i=0 eiXi) = 0, and the assumption on R, then e0(1−e0) =
0, e0ei = 0 and (1 − e0)ei = 0 for 1 ≤ i ≤ m. Therefore, ei = 0 for 1 ≤ i ≤ m, that is,




Proposition 3.8. If R is a weak Σ-skew Armendariz ring, and e is an idempotent element
of R, then σi(e) = e and δi(e) = 0, for every i = 1, . . . , n.
Proof. Consider an idempotent element e of R. Then δi(e) = σi(e)δi(e) + δi(e)e. Let
f, g ∈ A given by f = δi(e) + 0x1 + · · · + 0xi−1 + σi(e)xi + 0xi+1 + · · · + 0xn, and
g = e − 1 + (e − 1)x1 + · · · + (e − 1)xn, respetively. Reall that δi(1) = 0 for every i.
Let us show that fg = 0:
fg = δi(e)(e − 1) +
n∑
j=1




= δi(e)(e − 1) +
n∑
j=1




σi(e)[σi(e − 1)xi + δi(e − 1)]xj .
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Equivalently,
fg = δi(e)(e− 1) +
n∑
j=1




σi(e)[(σi(e)− σi(1))xi + δi(e)]xj
= δi(e)(e− 1) +
n∑
j=1




σi(e)[σi(e)xi − xi + δi(e)]xj
= δi(e)e− δi(e) +
n∑
j=1




(σi(e)xi − σi(e)xi + σi(e)δi(e))xj










= σi(e)δi(e) + δi(e)e − δi(e) +
( n∑
j=1




Sine R is weak Σ-skew Armendariz, we obtain δi(e)(e − 1) = 0, i.e., δi(e)e = δi(e), and
hene σi(e)δi(e) = 0.
Now, onsider the elements s and t of A given by s = δi(e) − (1 − σi(e))xi and
t = e+
∑n
j=1 exj , respetively. Then st = 0. In fat:
st = δi(e)e + δi(e)e
n∑
j=1




= δi(e)e + δi(e)e
n∑
j=1







= δi(e)e + δi(e)e
∑
j=1
xj − (σi(e)xi + δi(e)) + σi(e)(σi(e)xi + δi(e))
− (σi(e)xi + δi(e))
n∑
j=1




= δi(e)e + δi(e)e
n∑
j=1
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Sine δi(e) = δi(e)e and σi(e)δi(e) = 0, then st = 0. By Armendariz ondition we know
that δi(e)e = 0, whih shows that δi(e) = 0.
Consider the elements u, v ∈ A given by u = 1−e+(1−e)σi(e)xi and v = e+(e−1)σi(e)xi.
Then
uv = e+ (e− 1)σi(e)xi − e
2 − e(e− 1)σi(e)xi + (1− e)σi(e)xie
+ (1− e)σi(e)xi(e− 1)σi(e)xi
= eσi(e)xi − σi(e)xi − eσi(e)xi + eσi(e)xi + (1− e)σi(e)(σi(e)xi + δi(e))
+ (1− e)σi(e)(σi(e)xi − xi + δi(e))σi(e)xi
= − σi(e)xi + eσi(e)xi + σi(e)xi + σi(e)δi(e)− eσi(e)xi − eσi(e)δi(e)
+ [σi(e)xi − σi(e)xi + σi(e)δi(e)− eσi(e)xi + eσi(e)xi − eσi(e)δi(e)]σi(e)xi
= 0.
Hene, by the Armendariz ondition, (1− e)(e − 1)σi(e) = 0, i.e., eσi(e) = σi(e).
Now, let w = e+ e(1− σi(e))xi, z = 1− e− e(1− σi(e))xi be elements of A. Then
wz = e− e2 − e2(1− σi(e))xi + e(1− σi(e))xi − e(1− σi(e))xie
− e(1− σi(e))xie(1− σi(e))xi
= − e(1− σi(e))xie[1 + (1− σi(e))xi]
= − e(1− σi(e))(σi(e)xi + δi(e))[1 + (1− σi(e))xi]
= (−eσi(e)xi + eσi(e)xi)[1 + (1− σi(e))xi]
= 0,
sine δi(e) = 0 and σi(e)σi(e) = σi(e). Then, Armendariz ondition implies e(−e(1 −
σi(e))) = 0, whih shows that eσi(e) = e, and so σi(e) = e. Therefore, we onlude the
proof. X
Next, we show that every weak Σ-skew Armendariz ring is Abelian.
Proposition 3.9. If R is a weak Σ-skew Armendariz ring, then R is Abelian.
Proof. Let e2 = e, a ∈ R. Consider the elements f, g of A given by f=e−
∑n
i=1 ea(1−e)xi,
and g = 1− e+
∑n
i=1 ea(1− e)xi. Sine
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Equivalently,


































































{eaeσi(a)xi − eaeσi(a)exi + eaeδi(a)






Sine R is weak Σ-skew Armendariz, eea(1 − e) = 0, that is, ea = eae. Now, onsider
the elements p, q of A given by p = 1−e−
∑n
i=1(1−e)aexi and q = e+
∑n
i=1(1−e)aexi.
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{aeσi(a)exi − aeσi(a)exi + aeδi(a)e− aeσi(e)δi(a)e− eaeσi(a)exi






sine eσi(e) = σi(e) = e. By the weak Σ-skew Armendariz ondition on R, we know that
(1 − e)(1 − e)ae = 0, or equivalently, ae = eae. Now, as it was shown above, ea = eae,
whih means that ae = ea, i.e., R is Abelian. X
Propositions 3.7, 3.8, and 3.9 imply the following orollary.
Corollary 3.10. If R is a Σ-skew Armendariz ring R, then A is an Abelian ring.
4. Classial ring of quotients
In this setion we will haraterize the Armendariz property for the lassial ring of
quotients of a bijetive skew PBW extension. The key onept is the weak Σ-skew
Armendariz property. Theorem 4.2 extends [24℄, Theorem 2.3, and [17℄, Theorem 16,
and Theorem 4.3 generalizes [24℄, Corollary 2.5.
Let us reall the key fats about nonommutative loalization. If B is a ring and S is a
multipliative subset of B (1 ∈ S, 0 /∈ S, ss′ ∈ S for every s, s′ ∈ S), then the left ring of
frations of B exists if and only if two onditions hold: (i) given a ∈ B and s ∈ S with
as = 0, there exists s′ ∈ S suh that s′a = 0; (ii) (left Ore ondition) given a ∈ B and
s ∈ S, there exist s′ ∈ S and a′ ∈ B with s′a = a′s. If these onditions hold, then the left
ring of frations of B with respet to S is denoted by S−1B, and its elements are lasses





are equal if and only if there exist c, d ∈ B






, where u := cs = dt ∈ S, for some






, where ua = ct, for some u ∈ S and c ∈ B. Similarly, it is dened the
right Ore ondition, and hene the ring of frations of B. The nonzero divisors elements
of B are alled regular and the set of regular elements of B is denoted by S0(B). Reall
that if B is both left and right Ore, then its lassial left ring of quotients Qlcl(B) and its
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lassial right ring of quotients Qrcl(B) oinide, and it is denoted by Q(B). A key result
about the lassial ring of quotients of B is the ommon denominator property: if B is
a ring, S ⊂ B is a multipliative subset and S−1B exists, then any nite set {q1, . . . , qn}
of elements of S−1B posses a ommon denominator, i.e., there exist r1, . . . , rn ∈ B and
s ∈ S suh that qi =
ri
s
for every i (see [15℄ for a detailed treatment of loalization in
nonommutative rings).
Proposition 4.1 ([21℄, Lemma 2.6). Let A be a bijetive skew PBW extension of a ring
R. If S ⊆ S0(R) is a multipliative subset of R with σi(S) = S for every i = 1, . . . , n,
then
(a) If S−1R exists, then S−1A exists and it is a bijetive skew PBW extension of S−1R,






1 , and the systems of onstants








, for 1 ≤ i, j ≤ n. The automorphisms
σi of S















. Let Σ := {σ1, . . . , σn} and ∆ := {δ1, . . . , δn}.
(b) If RS−1 exists, then AS−1 exists and it is a bijetive skew PBW extension of






1 , and the systems of








, for 1 ≤ i, j ≤ n. The
automorphisms σi of S















. Let Σ := {σ1, . . . , σn} and
∆ := {δ1, . . . , δn}.
If no onfusion arises, we simply denote x′i and x
′′
i by xi for 1 ≤ i ≤ n. Now, analogously
to the denitions of Σ-rigid, Σ-skew Armendariz and weak Σ-skew Armendariz, we on-
sider these notions, i.e., Σ-rigid, Σ-skew Armendariz and weak Σ-skew Armendariz, for
the lassial quotient ring Q(R) of R.
Next, Theorem 4.2 generalizes [24℄, Theorem 2.3, for Ore extensions of automorphism
type, and hene, [17℄, Theorem 16, for redued rings.
Theorem 4.2. Let A be a bijetive skew PBW extension of a ring R. If the lassial ring
of quotients Q(R) of R exists, then R is weak Σ-skew Armendariz if and only if Q(R) is
weak Σ-skew Armendariz.
Proof. It is lear that if Q(R) is weak Σ-skew Armendariz, then R is weak Σ-skew
Armendariz.











of S−1A suh that fg = 0. Let us prove that c−1i aiσi(s
−1
j bj) = 0 for 0 ≤ i, j ≤ n, where
σ0 = idS−1A.
We know that there exist a′i, b
′
j ∈ R and c, s ∈ S0(R) satisfying c
−1
i ai = c
−1a′i and
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s−1j bj = s





























































There exist di ∈ R (1 ≤ i ≤ n) and s2 ∈ S0(R) suh that δi(s)s








































































































































j) = 0 (1 ≤ i ≤ n) (0 ≤ j ≤ n). (3)
[Revista Integración
Armendariz property for skew PBW extensions and their lassial ring of quotients 161






































































j) = 0 ⇔ t
−1d′iσi(b
′


































j bj) = 0 (1 ≤ i ≤ n) (0 ≤ j ≤ n). (6)
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j) = 0. (9)
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0) = 0. (10)






























j) = 0 (0 ≤ j ≤ n).
(11)




ixi, and k = s






























































b′j = 0, 1 ≤ j ≤ n.













ixi)mj = 0. By the Armendariz
ondition on R, a′0mj = a
′
iσi(mj) = 0 for every i and 0 ≤ j ≤ n. Note that a
′
0mj = 0 is
equivalent to a′0mjn
−1 = 0, that is, a′0s
−1b′j = 0 for eah 1 ≤ j ≤ n. Sine we have the
equivalenes
a′0s
−1b′j = 0⇔ c
−1a′0s
−1




j bj = 0, 0 ≤ j ≤ n, (14)
expressions (6) and (14) show that the ring Q(R) of R is weak Σ-skew Armendariz. X
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Note that every Ore domain is a Σ-skew Armendariz ring for every family of auto-
morphisms Σ and every family of Σ-derivations ∆ of R. Theorem 4.3 generalizes [24℄,
Corollary 2.5.
Theorem 4.3. If R is a semiprime Goldie ring and A is a bijetive skew PBW extension
of R, then the following statements are equivalent:
(i) R is Σ-rigid;
(ii) R is Σ-skew Armendariz;
(iii) R is weak Σ-skew Armendariz;
(iv) Q(R) is Σ-rigid;
(v) Q(R) is Σ-skew Armendariz;
(vi) Q(R) is weak Σ-skew Armendariz.
Proof. The impliations (i) ⇒ (ii) ⇒ (iii) and (iv) ⇒ (v) ⇒ (vi) are lear. Equivalene
(iii) ⇔ (vi) is the ontent of Theorem 4.2. (ii) ⇒ (i): If R is a Σ-skew Armendariz
ring, then R is weak Σ-skew Armendariz, and by Theorem 4.2 we know that Q(R) is
weak Σ-skew Armendariz, that is, Q(R) is Abelian by Proposition 3.9. In this way,
Q(R) is an Abelian semisimple ring, i.e., Q(R) is redued. If aσα(a) = 0 for an element
a ∈ Q(R), then σα(a)a = 0, sine Q(R) is redued. Note that Lemma 3.3 implies
σα(a)δα(σα(a)) = δα(a)σα(a) = 0.
Consider the elements h = σα(a)−σα(a)xα and k = a+σα(a)xα of σ(Q(R))〈x1, . . . , xn〉.
Then
hk = σα(a)a+ (σα(a))2xα − σα(a)xαa− σα(a)xασα(a)xα












where the polynomials p′α,a and q
′
α,σα(a)
have the properties established in Proposition
2.7. Sine aσα(a) = σα(a)a = 0, Remark 2.8 (ii) and Lemma 3.3 show that σα(a)p′α,a =
σα(a)q′
α,σα(a)
= 0, whene hk = 0. Sine Q(R) is weak Σ-skew Armendariz, we have
σα(a)σα(a) = 0, and using the fat that Q(R) is redued and σα is a monomorphism,
we obtain a = 0, that is, Q(R) is Σ-rigid, and so R is Σ-rigid. With this reasoning we
have proved also (vi) ⇒ (iv) and (iii) ⇒ (i). X
5. Baer, quasi-Baer, p.p. and p.q.-rings
Kaplansky in [16℄ dened a ring B as a Baer (resp. quasi-Baer, whih was dened by
Clark in [8℄) ring if the right annihilator of every nonempty subset (resp. ideal) of B is
generated by an idempotent. Another generalization of Baer rings are the p.p.-rings. A
ring B is alled right (resp. left) p.p if the right (resp. left) annihilator of eah element
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of B is generated by an idempotent (or equivalently, rings in whih eah prinipal right
(resp. left) ideal is projetive). Birkenmeier et al. in [6℄ dene a ring to be alled a right
(resp. left) prinipally quasi-Baer (or simply right (resp. left) p.q-Baer) ring if the right
annihilator of eah prinipal right (resp. left) ideal of B is generated by an idempotent.
Commutative and nonommutative rings Baer, quasi-Baer, p.p.-rings, and right p.q.-
Baer have been investigated in the literature. For instane, polynomial extensions in
the ommutative ase were studied in [2℄, [4℄, and Ore extensions B[x;σ, δ] of injetive
type, i.e., when σ is injetive, of all this kind of rings an be found in several works (f.
[5℄, [6℄, [10℄, [13℄, and others). Some of these treatments onsider the ase δ = 0 and σ
an automorphism, or the ase where σ is the identity. Nevertheless, it is important to
say that the Baerness and quasi-Baerness of a ring B do not inherite the Ore extension
of B. More exatly, there are examples whih show that there exists a Baer ring B but
the Ore extension B[x;σ, δ] is not right p.q.-Baer ([10℄, Example 8); similarly, there exist
Ore extensions B[x;σ, δ] whih are quasi-Baer, but B is not quasi-Baer ([10℄, Example 9
and [3℄, Example 11). In general, the Baerness of B and B[x;σ, δ] does not depend on
eah other. Sine Ore extensions of injetive type are partiular examples of skew PBW
extensions, the onepts of Baer, quasi-Baer, and p.p. and p.q. are interesting for the
ring theoretial study of skew PBW extensions. With this in mind, the rst author in [28℄
studied all these onepts using the notion of Σ-rigid rings and established neessary and
suient onditions to guarantee their stability under skew PBW extensions, generalizing
the results presented in [13℄.
Now, as we saw in expression (1), Σ-rigid are ontained stritly in weak Σ-skew Armen-
dariz rings, so our next task is to onsider all above onepts over these more general
rings. With this objetive, it is useful the following notation: for a nonempty subset D
of a ring B, we denote by rB(D) = {b ∈ B | db = 0, ∀d ∈ D}, the right annihilator of D
in B.
Theorem 5.1. If A is a bijetive skew PBW extension of a weak Σ-skew Armendariz ring
R, then R is a Baer ring if and only if A is a Baer ring.
Proof. Suppose that R is a Baer ring. Consider a nonempty subset C of A and let C∗
be the set of all oeients of elements of C. It is lear that C∗ is a nonempty subset of
R, and by assumption, rR(C
∗) = eR for some idempotent e ∈ R. If f =
∑m
k=0 akXk is
an element of A, Remark 2.8 (i), and the equalities σi(e) = e and δi(e) = 0 for 1 ≤ i ≤ n
(Proposition 3.8), show that Xke = 0 for every 1 ≤ k ≤ m, and so fe = 0, that is,
e ∈ rA(C), whih implies eA ⊆ rA(C). Now, if g =
∑t
j=0 bjYj is a nonzero element of
rA(C), then fg = 0 for any f ∈ C. Sine R is Σ-skew Armendariz, σ
αk(bj) ∈ rR(C
∗) =
eR for every 1 ≤ k ≤ m with αk = exp(Xk), whene b0, b1, . . . , bt ∈ eR, sine σ
αk
is an automorphism for every k and σi(e) = e for 1 ≤ i ≤ n. Therefore, g takes the
form g =
∑t
j=0 edj = e
∑t
j=1 dj ∈ eA for some elements dj ∈ R, whih shows that
rA(C) ⊆ eA, and so rA(C) = eA.
Conversely, if A is Baer and B is a nonempty subset of R, then rA(B) = eA for some
idempotent e ∈ R (Proposition 3.7). Using this fat, we obtain rR(B) = rA(B) ∩ R =
eA ∩R = eR, that is, R is Baer. X
Corollary 5.2 ([28℄, Theorem 3.9). Let R be a Σ-rigid ring. Then R is a Baer ring if and
only if A is a Baer ring.
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Theorem 5.3. If A is a bijetive skew PBW extension of a weak Σ-skew Armendariz ring
R, then R is a p.p.-ring if and only if A is a p.p.-ring.
Proof. Suppose that R is a p.p.-ring and let f =
∑m
k=0 akXk a nonzero element of A.
Then there exists an idempotent ek ∈ R suh that rR({ak}) = ekR, for every 0 ≤ k ≤ m.
Let e := e0e1 · · · em. It is lear that e
2 = e ∈ R and eR =
⋂m
k=0 rR({ak}), sine R
is Abelian (Proposition 3.9). By Proposition 3.8, we have σi(e) = e and δi(e) = 0 for
1 ≤ i ≤ n; so, using a reasoning as above, fe = 0, whih shows that eA ⊆ rA({f}).
Let us see the another inlusion. If g =
∑t
j=0 bjXj ∈ rA(f), then fg = 0, and by
assumption, akσ
αk(bj) = 0 (αk = exp(Xk)) whene σ
αk(bj) ∈ rR({ak}) = ekR, for every
0 ≤ k ≤ m, 0 ≤ j ≤ t. In this way, bj ∈ ekR, sine σ
αk
is an automorphism with
σi(e) = e, for every 1 ≤ i ≤ n. Hene bj ∈ eR =
⋂m
k=0 rR({ak}), for all 0 ≤ j ≤ t, whih
shows that g ∈ eA. Therefore eA = rA({f}), i.e., A is a p.p.-ring.
Now, if A is a p.p.-ring and r is an element of R, we know that there exists an idempotent
e ∈ R with rA({a}) = eA (Proposition 3.7), whih implies rR({a}) = eR, and hene R
is a p.p.-ring. X
Corollary 5.4 ([28℄, Theorem 3.12). Let R be a Σ-rigid ring. Then R is a p.p.-ring if
and only if A is a p.p.-ring.
Corollary 5.5 ([28℄, Theorems 3.10 and 3.13). Let A be a bijetive skew PBW extension
of a redued and weak Σ-skew Armendariz ring R. Then R is a quasi-Baer (p.q.-Baer)
ring if and only if A is a quasi-Baer (p.q.-Baer) ring.
Remark 5.6. (i) ([11℄, Example 2.8). Let B = k[t] be the polynomial ring over a eld
k and σ be the endomorphism given by σ(f(t)) = f(0). Then B is quasi-Baer, but
the ring B[x;σ] is not a quasi-Baer ring. This example shows that the injetivity
of the endomorphisms σi ∈ Σ (Proposition 2.2) is not a superuous ondition in
Corollary 5.5.
(ii) Sine prime rings are quasi-Baer, if A is a bijetive skew PBW extension of a prime
ring R, then A is prime ([27℄, Proposition 3.3 or [20℄, Corollary 4.2) and hene
quasi-Baer.
(iii) In [28℄, Theorems 3.9, 3.10, 3.12, and 3.13 the rst author did not assume bijeti-
vity on the injetive endomorphisms σi of Σ. More exatly, it was only required the
invertibility of the elements ci,j in Denition 2.1. In this way, the results presented
in [28℄ are valid for general skew PBW extensions satisfying these onditions on the
elements ci,j . Now, as we saw in this paper, Σ-rigid rings are ontained stritly in
weak Σ-skew Armendariz rings, so Theorems 5.1, 5.3, and Corollary 5.5 generalizes
[28℄, Theorems 3.9, 3.10, 3.12, and 3.13. It is important to say that these gene-
ral results are formulated assuming the bijetivity of the injetive endomorphisms
σi ∈ Σ. One ould onsider that this requirement is very strong; however, this
is not the ase. Indeed, several remarkable results about skew PBW extensions
are formulated onsidering this hypothesis: the Hilbert basis theorem, regularity,
Serre's Theorem, Global, Krull, Goldie and Gelfand-Kirillov dimensions, Quillen's
K-groups, haraterization of prime ideals, et. (see [20℄, [22℄, [26℄, [29℄, and others).
Last, but not least important, it is the number of examples of bijetive skew PBW
extensions whih have been found in the literature (see [22℄ for a detailed list).
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